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ABSTRACT

This report contains the mathem6+ical equations of motion required to

construct a hybrid model simulation of a vehicle operating on rigid terrain.

They are grouped roughly by vehicle components: sprung mass, unsprung mass,

suspension, drive train/brakes, wheels and tires. Equations representing

both the double A-arm and the solid axle suspension system and two different

tire models (one assuming the "friction circle" and the other the "friction

ellipse" concept of total tire force) are included.
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INTRODUCTION

I •This report presents a mathematical model of a vehicle operating on

rigid terrain. The equations of motion are so written and organized as to

I •be readily adaptable to a hybrid computer simulation. This model relies

heavily on the digital simuiation model recently presented by McHenry-Deleys

j and in fact, is little more than a transcription of it, stripped of its

vehicle barrier impact routine and reorganized to allow its implementation

on a hybrid digital-analog computer. For ease of use, the equations are

grouped by routines which attc,,pt to distingu!sh between suspension design

dependent and suspension design independent calculations and further to

distinguish among various vehicle components. Specifically, the sprung

mass, unsprung masses, wheel and suspension, driving or braking torques,

and tire reactions are each treated separately. No attempt is made to

simulate the steering system. For descriptive purposes, it is assumed that

a four-wheeled, two-axle vehicle is being simulated. The simulation may be

run either in a 10 degrees-of-freedom ;r a 14 degrees-of-freedom ;ode,

deperd!ng on whether the rotational velocities of the wheels are included.

The 10 degrees-of-freedom mode includes six for the sprung mass (surge,

sway, heave, roll, pitch and yaw) ,nd two for each axle. When the.
rotational velocities of the wheels are to be included, four more degrees

of freedom are added. The 14 degrees-of-freedom case makes It possible to

calculate the circumferential slip of the tires, and therefore allows the

use of a more complete tire model.

-* Two tire models are Included In this report: one incorporating the

"friction clrcleI' concept of total tire force for use when the wheel

rotational velocities are not simulated, and another, a more general tire

model, incorporating t0e "friction ellipse" concept for the simulation of

wheel rotation.

Equations which represent both the double A-arm and the solid axle

4i suspension system are presented here. Equations representing other suspension
systems are presently under development and will be presented in future

I, reports.

I

i4
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DISCdSSION

- Since this report is mainly a presentation of the pertinent equations

of motion, no attempt will be made to discuss completely their derivation.

For this, including the rationale behind many of the assumptions used, the

reader is referred to the report by McHenry and Deleys. The following,

therefore, represents only a brief description and guide to the various

systems of equations presented in this repoit.

SFigures I and 2 are cop es of Figures 4.1 and 7.12 of the McHenry-

Deleys report. They show the location and relationship between the

- Tcoordinate systems and the various degrees of freedom of a vehicle with

double A-arms in front and a solid axle in the rear. For swing axle and

trailing link suspensions, which are to be implemented in this model at a

later time, the degrees of freedom will be somewhat different.

Figure 3 is a flow chart showing the individual routines which are to

be the elements of the model. Modifications to the vehicles being

Ssimulated may be done by substituting routines in their entirety. It will

be noticed that the data flow of the routines numbered 1, 2, and 3 forms a

closed loop. These three routines, or the major rortions of them are

I j designed to be programmed on the analog portion of the hybrid computer.

Routines I and 4 comprise the bulk of the model and are so constructed as

J to be independent of suspension or axle configuration. Routine 5 is also

design independent, requiring only the knowledge of the number of wheels

I ion the vehicle. Routines 2, 3, 6, and 8-12 are dependent on suspension

"design. Routine 7 is the tire/wheel-soil interaction equations. In this

report, the "soil" is pavement whose only characteristic is frictional.

For off-road soft soil studies, this routine could be replaced by load-

sinkage and drag relationships such as found in Schuring and Belsdorf.2

I• The organization of the model, as indicated in Figure 3, is the basic

reason for this report, since the contents of the individual equations can

be found in the McHenry-Deleys report. This new organization will allow

I Preceding page blank
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for easy vehicle design changes, 1ncluding a variety of front and rear end

suspensions, and an arbitrary number of axles, wheels per axle, and axle

suspension designs. This model may also be used as the basic model to

simulate amphibians entering and exiting from streams by th: .ddition of

buoyancy equations. Intact, the present model cart be utilized for vehicle

ride evaluation on rough, off-highway operations and its computer output

could be used to drive a seat simulator.
i L.

Appendix A presents the ,symbols and notation used in this report,

along with a brief verbal description of the modeled quantities themselves.

The exact procedure for measuring the parameters on any one vehicle can be

inferred from these descriptions, and they will be discussed in companion

reports.

Appendix B presents equations of motions of the sprung mass and the

unsprung mass calculations which are independent of suspension and axle

design. The equations contained in this appendix ;onstitute the bulk of

the model and are not intended to be changed when different vehicles are

simulated.

Appendix C presents the wheel and tire equations. Three routines are

Included in this section:

1. A tire model which uses the assumption that the magnitude

of the maximum tire force (the resultant of the circumferential

and lateral forces) is constant. This is the so-called

"friction-circle" tire force model.

2. A set of differential equations which describe the

rotational motion of the wheels.

3. A tire model for use with the equations for the rotational

motion of the wheels which assumes that the maximum tire

force is dependent on direction. This is the so-called

"friction elliose"l tire force model.

In any one simulation, either the first routine is used by itself,

or the last two are used together. In the former case the model has

10 degrees-of-freedom; in the latter, il. U

4
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[I Appendix D presents all the routines which model a solid axle

suspension; each routine Includes equations which ifflement the solid axie

as If it were either a front or a rear axle. It may be seen that the fe;m

of the equations does not differ between front and rear. Only the values

of the parameters changes. This fact allows the use of the model irt the

modular manner described above. For a solid axle it is assumed tha% the

Sunsprung center of gravity Is at the center of the differential and the

axle moves In a plane perpendicular to the vehicle forward axis such that

I it pivots abcut a point which moves parallel to the vehicle vertlk,:l axis.

Appendix E presents the routines which model a double A-arm suspended
"axle." Here the assumptions are that the wheel conters are the aJnsprung

CG's and move In a line parallel to tha vehicle vertical axis.

I5
II

I

I
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[ i Nomenclature

The notatioln used in this report is mostly that used by McHenry-

Deleys

Subscripts

F - front

R - rear

I= right front or front pivot center

2 - left front

3 = right rear or rear pivot center

4 = left rear

"s = sprung mass or tire lateral direction

u = unsprung mass

G = ground

w = wheels

r - tire radial direction

c = vehicle CG or tire• circumferential direction

o - initial values
1'

Primed variables represent quantities measured in the space-fixed coordinate

system. Quantities measured in the vehicle coordinate system are unprimed

and will generally have subscripts indicating their reference axis.

Dotted variables represent qualities differentiated with respect to time.

J.i The notation F/R means front or rear, whichever applies.

*Like all conventions, these are various exceptions. These have been

carefully annotated.

13
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Degrees of Freedom

Sprung Mass

u = velocity along vehicle x-axis

v = velocity along vehicle y-axis

w = velocity along vehicle z-axis

P = roll velocity about vehicle x-axis

Q = pitch velocity about vehicle y-axis

R = yaw velocity about vehicle z-axis

Unsprung Mass.- Double A-Arm

6 = vertical deflection of wheel center from rest position (i 1,2,3,4).

It is assumed that the CG of unsprung mass is at the individual wheel

centers and their motion is parallel to the vehicle z-ax!s.

Unsprung Mass - Solid Axle

6i vertical deflection of axle pivot po;nt (i 1,3)1

= axle roll angle about its pivot point

It is assumed that the CG of the unsprung mass is at the center of the

axle and it and the actual pivot point are both in the vehicle xz-plane

when the vehicle is at rest. The pivot point is constrained to move

parallel to the vehicle z-axis and the entire axle can roll about it

parallel to the yz-plane. In any combination the simulation has 10 degrees

of freedom: six body motions and four suspension motions (two for each

axle). Four additional degrees of freedom may be added as:

Wheels

0, = (PRS)i = rotational velocity of wheel i - positive for forward rolling.

Rotational velocity of wheels can be added as an additional four degrees

of freedom. If they are included, vse friction ellipse tire force routine;

if not, use friction circle.

14
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Motion Variables

17 t =time
Euler angles of motion of the sprung mass relative to the space-
fixed coordinate system. if the vehicle and space-fixed axes
initially coincide then the rotation is first ý radians about
z I-axis, then ' radian about new vehicle y-axis, and finallyk • cp radians about final vehicle x-axis.

A =transformation matrix for transformation from coordinates fixed in
sprung mass to coordinates fixed in space.

N.B.: Abu i A l

SW (u ,v',w') = velocity of sprung mass CG wrt space-fixed system

4 x,) direction cosinEs of vehicle x- and y-axis

(Cos OS , cosyy) in space-fixed system

"(Xl ' Yl , Z') = space-fixed coords of wheel center I

' (cosO•Gz:1, cOspGz,, cosy:zt,)= direction cosines of ground plane normal"t Gz'Iunder wheel i

pi = camber angle of wheel I wrt vehicle coords

oCGi = camber angle of wheel I wrt local ground plane

= steer angle of wheel I wrt vehicle coords

• = steer angle of wheel i wrt local ground plane

(cosa ywi coso ywi cosyy) = direction cosines of rolling axle of
wheel I wrt space-fixed system

(cosaOzI , cosow , cosyzwi) = direction cosines of steer axis of wheel Iwrt space-fixed system

(xGPI ' YGPl zGPi) = coords of ground contact "point" under wheel I wrtSIspace-fixed system

h= rolling radius of wheel i

(Cos cos cosh = direction cosines of line connecting ground
(cs'icontact point and wheel center I wrt space-

fixed axis - this is radial tire force
direction

15
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(cosi C cos I cosy i) = direction cosines of tire circumferential force
C C C for wheel I wrt space-fixed system

(cosasi , cOOsi , cosysi = direction cosines of tire lateral force for
wheel I wrt space-fixed system

uGi = forward velocity of wheel center I parallel to tire terrain
contact plane

VSi = lateral velocity of wheel contact point I parallel to tire terraincontact plane

It is assumed that the entire area which can be reached by a tire

(when Its wheel center is at an arbitrary location) can be generalized to

a plane.

Fsi = tire lateral force along (cosa I cospsi , cosysi) at tire
contact point

Fci = tire circumferential force along (cosac , cosc , cosyc) at
tire contact point

FR; = tire radial force normal to ground plane

(ui , vI , W) = velocity of wheel center in vehicle coords

Sl suspension force of unsprung mass I i

(Fxu , Fyu, Fzu) component of suspension and tire forces In vehiclecoordinate systems

(Nui, Nu Nul) components of suspension and tire force moments invehicle coordinate system

(Gxu Gyu Gz
Syui - forces and moments due to inertia of unsprung

(I xuI ,yui I zui) masses applied to sprung mass in veh coord system

input

t 0

Nuo, vo, W0)

(P 0 Q0 R0

CPO' %' *o)

16
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(x' , ,z)

(o'o 'Zo

6. and/or y0Fo/Ro

:. o and/or •PoR

ýF/Ro

z,(x',y') = ground elevation at (x,,y")

PG(x•'x,y) , (x'iy') = Euier cngle coords of terrain profile

TQ , t= input torque to front or rear drive shaft

4'(t) = central steer angle for steering angle

Vehicle Parameters

s= sprung mass

g = acc of gravity

I, Ix ly , Iz , Ixz = moments and cross-product of inertia

a = distance along veh x-axis: CG to front axle

b = distance along veh x-axis: CG to rear axle

TF/R = front and/or rear track at rest

ZF/R = distance at rest along veh z-axis: CG to wheel centers (double A-arm)
CG to axle pivot point (solid)

M. = unsprung mass: each suspension plus wheel (double A-arm) I = 1,2,3,4
entire .xle plus wheels (solid) i = 1,3

C';= Coulomb damping for single wheel: at wheel center (double A-arm)FIR

eF/R = Coulomb damping friction lag

SF/R= suspension load deflection rate for small deflections: at wheel
"- center (double A-arm); at spring hanger (solid)

• 'ý•/R = suspension deflection limit at which KF/R no longer describes the
suspension load deflection rate FR

SC F/R viscous damping coeff for single wheel: at wheel (double A-arm)

: at spring (solid)

ji XkF/R = multiple of KFR beyond

Ii 17
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RFR = auxiliary roll stiffness: at wheel (double A-arm)
: at spring (solid)

TSF/R distance between springs for solid axle

*(6) = deflection steer of double A-arms when non-steering axle

K S/R= camber steer coeff for solid axle when non-steering axle

y(6) = camber angle of deflected wheel for double A-arm

PF/R = distance from pivot point to CG of solid axle, positive for pivot
point above CG

IF/R = moment of inertia of solid axle about a UIne parallel to veh x-axis
through axle CG

Tire and Wheel Parameters

R = undeflected wheel radiusw

KT = radial deflection stiffness for small deflections (lb/in)

'T = deflection at which KT no longer describes deflection stiffness (in)

X = multiple of KT for deflections greater than aT

AR =drive axle ratio = speed ratio of drive shaft for driven axle
F/R wheel

= 1 for non-driven axle

IwF/R = rotational inertia of each wheel

IDF/R = drive line inertia

p = locked wheel coefficient of friction for use in "friction circle"
tire model

Pi = locked wheel lateral coefficient of friction for use in "friction
ellipse' tire model

Ao,...,A4,C,1T = tire constants relating lateral force due to lateral slip
and camber thrust to normal load.

18
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Appendix B

Sprung Mass Routine M- ain Program
14w

Unsprunq Mass Tire and Spring Forces Control Routine

U,
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" I
Sprung Mass Routine (Main)

Initial Conditions: u , V , WO , PO I Qo R0

0 0 0 CP 0 *

1io 61o rnd/or ýRo' Tho

io,

Parameters: Mg, Ig , ly ,Iz ,Ix

T Equations:

u = dt Uo
.9 0

-i. r•t o

v = ft dt I.C. = v° 0
R 0

W = f w dt w

P~ = dt ipc

0

R° = PdtR
0 0)

I = ft = 1 dt I.C. &= i
0

"" II
-61 = ft 1dt I.C1 0 = •io

,00
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0 (Q cosy R sintp) dt c

0 TI0

* t (Q sinqy + R costp) sec e dt L0
0

cas6 coslf cosy sin* + sinq sine cosir sincp sint + cosyp sine Los
A (cosO:sin# os case siny silnO sin -in co cosy s05 nO~ sin# L

siGcosO sinyp c05* cosyp

Calculate A T

/ JL

w L.

ojIvdt p..

Xc 0

cosol Ixl

=os A 0¾x
cosy(7)

20



R- 1452

1 calculate F xu, F ul, Fu, S., NuN 9 ul .N*u from N

Unsprung uass Tire and Spring Force Control Routine

MT
ys

G

SUnsprungc Mass Gra,'lty. Force Routine [A ,S 11

c- calculate Ixu I ,yu ,zui, I(cui ,1ui ,I u: from

Unsprung Mass Inertial Forces Routine

(u,v,w) , (u,',•v) , (P,Q,R) , 6 8, 8i
-[(SPY8, or (3 1/3 'P~F/R 1 81/3, ý'/R *ýi/R)

SE Fxui + Exi + 1 GxuI- E IxuI + Gxs"4 4
S + X = EFyui + ESyi + Gyui -ZI yui +G

Fzui + y Szi + yGzui - Z Izui +

,• .yI 0 -Ixz I; P Ix 0 -Ixz P FCPui + E:GCPuI + E I CPU I

• ,0 1ly 0 I + Q x 0 l y 0 Q• E Foul + E• GouI + E. I Gui
5* 4

1 w R wF + +EI

xz z xz0- P u u u

.is

•Variables in brackets are the inputs to the routine above them.

21
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Li

calculate 6 and/or u1 from lHass Equa. of Mot. Routine

L
---•:. ~[(u,v, *)(, (o)P,O,R),(P,;.,

• L
€.

calculate i from Wheel Rotation Equati,.-, of Motion Routine

iI

S[F cip ,hi

t U G lo c os y• N ) + V G to -.I * o

fU

0 0I = o t h.% v

L2

22
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Unsprung Mass Tire and Spring Forces Control Routine

IT
1 Inputs: 1,6i, (xc,yc,zc) A,A , (P,Q,R), (cos, ,cosPCosyx)

'(cosa ',coso, Cos-y) , (u,v,w) , M

Outputs : Fxui' F yUi Fzui' Si

N AN

TiI

for all wheels unless i is specifically restricted.

2) Whenever this routine calls-for data concerning the wheels,
the input to\ those routines will include two numbers for
each axle: for solid axle: (61,c(pF) or (6 3,CR)

double A-arm: (6l,,) nr (633 6 4)

~This means that the number of variables flowing from this!
routine to others will be the same, the variables themselves
will differ.

SEQUATIONS: Get (xi,Yl,Zi) from Wheel Position Routine [6 1,cPI and/or .1 c ( xAi)

2 3

S~23
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Interpolate from the appropriate table:

G G

ge /-oy i*.,csCOSCPG s ine n

(sin COy 3 GI =i ~ -cs~ SifiCos y

get *'~ (Cosap swinl.,cs cosy ,'sin~~)an

cosop A Cos (p. csýnv
Ywi I

cos~y.i = csi cos

YGzi

Cosa zwi ( - sincp,

cosY zi/ cosp sin

='i(cosa~wi Cos aGzlij+ Cosp zwi Co G' + COSYzw,1 COSY Gz')

24



-

j R- 1452

I~ cosc? oc(% ywi / CGZ
D Cs X Cospp

C YyY ) \CQSYGII/

Icoscl Ywi Co y Cos Yywi

Cos1 COSGz 11 COSOGzi COSYG

D DD

c xCosa yw Cos + z os
4 GPI i ywl'G' + i +z" I G'

z ,D+ z D
(GP) i y1 D2 i i 3i

A1  G +y'YGP + (zi'-zGPi)21/

=min (AifRW)

COS'hI i xGPI x

CC o s ~ h 
A T I y

25
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CO%

CosyOc 1

x c

cosyc 3 s)

COSOI1  I 2 osa

bosys fooG'i X C Cs;

\C OSY~ \1) SY '7'y

Cosa cosc cas s

bosp bo~ X cs

2l 2 2 sa + b.i+

26 s
o. I +c (

.9l

a2i.s c s ~ '
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sgnG =G Cos-y - - . 'x x

xi XTi

6 xGi 8 'xGi' sgnG x~i

a,, yicoc + b~ cospy + c 1 cosyCo ýPyGi I 'yi y ylCPYy

yi fi y
Groun Contact Veoit oin

calculate (u,,w from GrudCnatPointutn

(,Yor ý/'13

UGi =, xicoGi - i sinO GI

=i V1 vOS'PyG - w1  9~yGi

calculate F s, F c, F RiIn Tire Forces Routine

[h I(coscahipcosp hilcosyh,

F -F' AT cs

I Ryui RI Gz i

27
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FCosaY*C

F T

XFczu I ( Cos Yc

sxui osc
A T -KFsyu =Fiolsi

F - F A Co

xui =Fxul + + i

F =F +F +F

Fyu Ryul + cyui syuiFyu = F +F+ F yu 
_

FzuI F Rzui + Fczui + Fszui

calculate (SxSySzi) from Applied Suspension Forces Routine

[81,•i,Ms]S

calculate N i,Neu,N 4 1u, F from Applied Suspension Moments Routineyui uil Uilzui

Fu' yu i' F zui h i (cosahi'hcos1hl 'Cosy

6 or (6F/R 'PF/R) SxiSyi'Szi

28
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4 Appendix C

4 [Wheel Rotation Equations of Motion

S. ITire Force Routine (Friction Ellipse)

Tire Force Routine (Friction Circle)

, .

£

I.

1..

I.

I.I
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Wheel Rotation Equations of Motion

Inputs: F1 , hi

Outputs: 01

- Parameters: AhF/R ,w , IDj TQJ(t)

"Equations: front : i=l , J=F rear : i=3 , J=R

\ WIJ + 2i + 4. i+1 Fci hi + 2

I + +ITAR

~~1wjD 14 L0+ 0. F;+ h1~ + 2

Ar

9 29
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Tire Force Routine (Friction Ellipse)

-Inputs: h ~j~, 1 u;vj4'tI" hi' Gi I I1 'UGI VGi' •I ' t

SOutputs* .Sl Fc, Fi

Parameters: R w ,KT T TTr ' IT' AO, A, A 2 A A3 A A4,

SPs • f (Sc'UG)' -Rt'•
Equations

SFI 0 for Rw - h, = 0

= KT(R-hi) for 0 < Rw - hI < OT

"- KT [oT+XT(R-hl)a-T] for I• - h. I IaT

If FRI= 0 set Fsi =cl = FR 0 and exit.

I If FRI 0 0

extrapolate a value of F51  from previous calculations.
-F I 0setFl

If FRI - Fsi slntPCGI < 0 set Fsi = Fci = FRi 0 and exit.

"If FRI - Fsl slin(CGI > 0

FR1 = FRi secyC Gi - F s tanqPG1

If max (IuGi1,lvG1i] < .5

and If 1hI Y < .5 then Scl 0

I if Ih1 1 1j - .5 then Sci =- sgn(uGi;)• 1.0

I Preceding page blank
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if max fl.uIvGil) <.5

then

ciUG cost, + VGI sin*-

and
Sci = Sci If Sci < 1.00

= 1.0 sgn S if S a 1.0

Interpolate from table

Psi = f(Sci'UGl)

Interpolate from table

TýF/R =T'QF /R(t)

If

STQF/R 

> 0 (traction)

Fci = F Ps; 'i sgn uGI

If M. 0 (braking)
F/R

e = 1.0 for IPil 1.0

1 for IP I > 1.0
( si)2 si

Fci = Psi F~ i sgn UGi whichever

has smallerPi I" sgnu
- isRi UGi absolute

e + tan2 (arctan Gi sgn u value

32



[I R-1452

A2A3 (A4 "FRi) F RiJ I A2 A= FR i(F I-kA2 )A oA2  G" i

1  =iR o2- (arctan Gi+sgn uG,2GG)
A I 2 R(F RI1 A2 ) 'A °A 2 a c taGs F

If ' F2AA AT A 2::3(A 4iY2 SI RI > YF2 A• = [A A2 --.).o (90CG I T- ' PCGI 'PCG I

A I A(PT )QT- sI) Fciv

, AI2•T•T- )-A (arctan Vgn 'u
/J;2 , )2 F2 Tu'7 + •I'* sg Gi

F Ri eci ci

Programming note: F/ case is sime as FRi A with

Y.Cr2 substituted for F Ri except in V

If lesi Fci i F R il 1.0 then Fsi = 0

lowIf max [1VGI luGilv <.5 then F = 0

If max (Ivl, lu~iJ • .5 and ["•1 <3
Gil lG I .5IT1

then

F P2 F2 F 2 - I [iJ+ I p 3]si = , FRi -Si ci 3 1 P 271

If max (Ivjil)lUGiI] ; .5 and P1 t 3

FSl = (sgn 2) I(F'i) 2 F 2
I RI si ci

Use this calculated value of Fs1 to reenter the iteration at the beginning

of this routine and continue until a suitable criterion is met.
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Tire Forces Routine (Friction Circle)

Inputs: hi 9(cosothl'cosphilcosyhd)' 'QGi i=1,2,3,4

u GI 0 VGI * t

Outputs: Fsl , Fci , FRi i=1,2,3,4

I -. Parameters: Rw , KT 9 T XT 1, , TQF(t), TQR(t)

SAo ,A I, A 2 * A3 A A4 'I
+

EquationsI,
FRi 0 R% - h = 0

- KT(R -hi) 0 < Rw - hi < ,T
= K.•rXT(Rw'h;) - (XT'i)ar] 0I T • R "

Beginning of iteration on Fsi : use Fsie as starting value:

"If FRi ' 0 or FRI - Fs, sin 'CGi

then Fs1  Fc = F i- 0.

Else

FRI = FRi sec - Fsi tan CGi

L2-Look up T%,TQR" T h = h1 F 1=1,2

Ti = h QR 1=3,4

T Tlm = FRl cos(arctan 1- sgn UGi
Im JuGlI

-PreceO-g 09age blank 3
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If T1 < 0 and IUGII • 1.932 Fci = TI sgn uGI for T11 I Tim

-=-T im s•n u Gi for ITil > Tim

If T < 0 and IuGII < 1.932 F i 1.932-T - for ITII Tin

I IulU 93

=-Tim u for JTi1 Tim

If TI - 0 Fci = 0

If T >0 " = T for T <1pF

= IF•1  for T > I

F'l

If for all i T1 S-1111`1 then F cF

If T > I11F II or T > IpFl f
h

and If F 1 FIhthen F F' and F 1",
cFch1  Fc2h2  cil c2 cl h2

h2
if F, h > F h then F I" 2 and F Fc'2

ci 1 c2h2 cI c2h 1  Fc2 ,.

If T > I pF or T4 > I pFR1

h
and If F 3h ! FIh then F =F I and F '0 Fch4 4c3 c0 Fc4 Fc3 W

ht,

if F'" h >FcF' h then F -Fc t and F F
03 c4 4 and43 c4 Fc
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f ' A (A4 -• 1 )F•I 2

AF[A I I(F 'l-A2 )-A 2] A "T Gi1%C1)

if - A2A3(A4 "fl•2)Cr 2 I

A - A22 (arctan v4!nup(F) 2 F]l/2 2 GI)

RI ciI

SIf Fcil = 0

AIf maI AIv I <I .c¾5 Fsl;O +

if mx {v~l~lu~l] .5andI'l<

o2 FsI 2 -/,-2G2)

"I (FRI -Fci1i •-I )

if max(xLV GIIIuGIi] 1 .5 and ITI <

Fsv = (sgn 2 )_i' 2 (F+)2-F
V 

2

Use this calculated value of F to reenter the iteration at thesi
beginning of this routine and continue until a suitable criterion is met.

T
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Appendix C

SOLID AXLE ROUTINES

Unsprung Mass Equations of Motion

Unsprung Mass Inertial Force

Unsprung Mass Gravity Force

Wheel Position

Wheel Rotation and Steering Axle Direction

Ground Contact Point Velocity

Applied Suspension Forces

Applied $uspension Moments

I
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Unspunn assEquations of Motion (Solid Axle)

F iGul8/ and 6 and WF/RSI h cOshI'cos-Yhizui, F/R'1/3

2Outpvuq: 1i/3 ' qF/

Parzzmeters: front: M~ F a T ~~~

7'rear: M uR I R -b, TR ,ZR 'PR '9

Equations:

Frant:

+ PFS i nPF (QR+)+(z F +81+pFcosTpF)(+ )
~+F + F + S + S + G + G

zu) zu2 1 2 zul ZU2

* ~TT
=qI 2~ (-S) - F (L~ i o

1 ) yul 2 Yh)zl 2 o9 lhCosphl)

SSincpF+hCOYFy2 2 2 c sh2)Fzu4( 2 cos~PF+h 2cosoh2)

.1.4uF 2 )-.M OF8 InTc 'uFPFcosPF'+MuFPFs in p~~M~~incFaQ

+M FPF~nscpF [Ru-Pw-2P6.l +a PQ+PF (P2+R )

+CF+6+PFcos TF)QR-gcosesi n(wR(PF)]

222 2

+1iF(sincpFcoscpF(Q 2_R 2)-(1-2sin 2 F)QRl+N cp

39
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Lif

rear: same as front except substitute MuR for MuF

-b " a{TI 
,R T F

SzR 
" zF 

-
PR 

ZF

L4

41
7.1
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Unsprung Mgass Inertial Force Routine (Solid Axle)

1/3' 1/3 'P/R 9 F/R W/R

L Ot~ts '(Li yui 'zui IC; ' tU

Parameters: front: Map a P ZF

rear: Mu -b p zR
_ _

Equations:

Front:

txul M uF [-vR+wQ+QýIP Fs incp)+2RpcIýcos cp a (Q2 +R 2

4. xu2 0 1 P = Iyul (z F+81) , Icu 0

-~ Iyul = F MýI~RW+CF 'P

+a(PQ+R)+psincF( p2+R2)+(zF+61+ocos y,)(QR-P)]

Iyu 0 ,IO Ixul zF+6l+PcosOp) 'eu 0

yu 0 10u1 = xipi a
'zul = *I111 = 1X yu

lzu2 0 ~Iu 2  00 I

41
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rear:,

lxu3 m MuR[6v~Q2( pRicR+Rce sp)ý) R2

-ps mncR(PQ-R)+(zR+83 +pcoscpR) (PR-Q.)J

I(J~ xu q1 3 = yu3 (ZfR63) uJ'

'yu4 m uM4uRwp ýR I -

x(b u3Qi)p ntR (2R)ze 3+pCSR Pco cP) (QO

I yu4 0 f 1 60u = I(ze csy +6O4

I zu3 =
0'1 :u3I I xu3Ps incp+lu 3 (-b)

zu4 1 u 0

H
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Unsprung Mass Gravity Force Routine (Solid Axle)

Inputs: (-sinO,cos~siny,cosOcoq), =last row of A

Parameters: front: Mp 9 8

rear: 1uR # PzR tp -b

Equations:

G m iG

-u/ MuF/Rgs nG u/

G1 1 /3 = Ml~,gcososinu2/4 0FanR

G 0 0

front:

G fuI= -G u(zF+6I) G " 2 =0I Ge1 = Gxu,(z F+6 1+pcoscp) G O2 =0

G~ul = Gxu PsincpF+Gyuja G~u 0

rear:

Wu3 Yu 3(zR+63)qu

GO3 G xu3 (zR8 3 +pcos cR) G Gu4 = 0

G4 3  G G 3psinyR+G3(-b) G =
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Wheel Position Routine (Solid Axle)

I Inputs: (61,9F) or (' 3 ,1%)

Outputs: (xi P Y, z1)

Parameters: front: a , , zF

rear: -b , TR ,zR, R

Equations

front: x = a

TR

y1=-(-1)i F cosyF-p sincp i=1,2

:• ~Yl .( iTF
•. TF

I = ZR++pcos -" sin

i1i5

I

rea.__r: x i

•, Yl "('1I TR
•. y cos o -os in io =3,4

;, Zl ZR +8 + Pco s oR - s in coR

S~preceding page blank
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Wheel Rotation and Steering Axle Direction Routine .(Solid Axle)

I inputs: t , or R' c or ýR

Outputs:

(-cos(p~sin*1,cOsqcos*,,sIncP,) and (siny'1sin*1 ,-cos#1 sIncp1,cosyp1

Parameters: front: as , b ,TF, KSF, *(t)

rear: KSA

Equations:

•" for steer axle (assumed front):

look up and Interpolate *F =

T
= 'i -- tan'r[(a+b)tan%.* n 1#1 tn a1 . T KSFan*i=1,2

ab+(- 1) 1 ta

W 1 for non-steer axle (assumed rear):

*4 K

3, calculate:

cosyi sinfi sn'isi1

SsCn~i COS*•, an Cs i sn

I Preceding page blank 47
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Ground Contact Point Velocity Routine (Solid Axle)

I Input: (u,v,w), (P,Q,R) , (xi,y 1 ,zi)

Shi,( , cosohicosYhi) (0F,61) or (0R, 3)

Output: (u.,vi,wi)

Parameters; front: TF'PF

rear: TRIPR

Equations:

front: u. = u+Qzi-Ryi"I I I

v. v+R x.-P(z.+h cosy + F(pCOSF sTncpF+h
i- y i h TF pcos-F2t s inc cosYhI)

, i = w+(P+cpF)(yi+h icosphi)'Qxi + 61

rear: u. = u+Qz.-

4. T RRyR
v = v+Rxi-P(zi+hicosyhi)+Pi(Pcos•°R+'• sinPRyhic°SYhl

w- Wi = w+(P+0Ra)(Yi+h.coslhi) - Qxi+43

N.B. u. is the forward velocity of the wheel center

vip,wi is the lateral and vertical velocity of the contact patch "center"

For analog implementation, this routine can be combined with the

Wheel Position Routine.

Preceding page blank

49

-] I



I. R- 1452

I Applied Suspension Forces Routine (Solid Axle)

Inputs: M~/ ~3~/• : •ý/R i1/3 ' 'PF/R s

SOutputs: S xi S Syi , S zi

Parameters: front: TSF CF' F' F 'F a, CF, RF , b

rea r : T S ' CR ' R ' K R ' xR' k b , C R R R a

Equations:

front: = (-I)i TsF in 0F+81

F1IN 0 1 "F
= csgn PT

Fi = KFCi 0 IC II<i

K F" -K F sgn +FCI-F sgn C)] ICI •aF

S = b •s F" -F -'F2 + (-N)i -F2F]

zi MsgaC F i 2Fs

Sxi = Syi =0

I rear: T(-I) sR sinR+

1 2 3R

= -( T 2 os cPR+ 3

F FiRi = o C1 eR

Preceding page blank
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F 2Ri KR~ A C <ORL

= (a-+b m 591 591 Ri R + r:, TL

~xi s ]i 0

52L
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SApplied Suspension Moments Routine (Solid Axle)

Snputs: Fuxi I F yli 'F 61/3' U 1/R ' xi ' 5 Syi ' Sz1

hi , (coshl , coshl, )
Outputs: N"u , Neu, , N~ui , Fuzi

Parameters:- front: zF , TF , a , TsF

rear: zR , TR , -b , TsR

Equations:

front:

N Nqui - Fuyi(ZF+6 I) +(-) 2" -Szi

" Neui Fuxl(zF+6 1)+a Szi

S (-I)I Fux I(- cosyR - psin- RhC

rear:

Nu "Fuyi(ZR+ 6
3 )+( T) T Szl

* _ No = Fxl I(ZR+$3 )+((-b) Sz1

This routine must set F = 0 since all suspension forces propagate

T through the springs.

53
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I Appendix E

DOUBLE A-ARM SUSPENSION ROUTINES

Unsprung Mass Equations of Motion

Unsprung Mass Inertial Force

Unsprung Mass Gravity Force

""Wheel Position

Wheel Position and Steering Axle Direction

Ground Contact Point-Velocity

Applied Suspension Force

Applied Suspension Moments

-I
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Unsprung Mass Equation of Motion (Double A-Arm)

Inputs: (uv,), ,, ;),(P,,R),(PQ,)

F Fzu , S , Gzui 6i

Outputs: *6i

Parameters: front: Mi , a , TF ,z

- rear: MI, -b , TR, zR

Equations:

7 Front:

FTr .M H6 = F +S +G -MI [0+Pv-Qu+a(PR-a)-(-I) -F (QR+p)

I Ii zul I zul Ii. .(Z F+6i)( (p+Q )]

Rear:

T.
M 168 1 F zui+Si+Gzui- I [,ý+Pv-Qu+(-b)(PR-()-(-1 2(QR+P)

-(zR*5 i) (p2+6)

155
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Unsprung Mass Inertial Force Routine '(Double A-Arm)

Inputs: (uvv,w)q(O,,ýs )v(P.QR),(PQ.R)

Outut: xui ' yui ' zui ' cui e' 'i ' *Ui

Parameter3: front: Mi a T F 7F

rear: M,.-b T zF

front:

'xui = H1  a -P+(F6

T
~~ 22uI = aiv+Iu.-Pw-.J1ru+a(R*+PQ)+(..I) 2 (R +P )+(zF+6i)(RQ-P')]

1 =0zu i

I CP i Iyui (zF+6d'

* 'ui = ui(zF+6 i.

1TE'ui 2 xu lyuia

rear:

TR

"/I yi = M i [4Ru-Pw-M 61 +(-b) (h+PQ)+(...1)i -2 (R2+P)+(z F+8i)(RQ4P)]

I 'zui =0

I CP = I yu(zR+i

(fu Ryuii-

'Gui = xui-

Preceding page blank 5
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Unsprung Mass Gravity Force Routle (Double A-Arm).

Inputs: (-sinO, cosesincp , cosecoscp) = last row of A

outputs: Gxui , yy, Gzu , GuI , GeuI, G ui,

<-I
Paramneters: Mi ,g

" -. i __._..fron': zF TF

rear: zR, TR , -b

R R

Equations:

S•G I

Gxu MgSine

G =M MgcosOslncp
yul

-. Gzu 0 (No force propagation vertically)

front:

G -G (ZF+i)cpGu! - Gyui

euI= Gxui(zF+)
"S xuu(i) TF I

TF
= (-1) GxuI -2-+ Gyui a

- rear:

SGui -Gyui TR

= (-I Gu (z + Gyui(-b)

I,

Preceding page blank
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* Wheel Position Routine (Double A-Arm)

Inputs:

Outputs: (xi,Yi,Zl)

jParameters: front: a, TF , F

rear: -b , TR ,Z R

Equations:

Front: xi = a
Yi~~ T ('~

.i 1= 1,2

z" zi = zF + 6i1

Rear: xj -b

= -(-I) R =3,4

z = z + 6
4 i R i

61

I 61
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Wheel Position and Steering Axle Direction Routine (Double A-Arm)

Inputs: 61 P t

Outputs: ýo

(-coscpi s In*.i, coscpicos*I siinci), (sincp1 sIn*i ,rcoscPi s iny,,coscp:)

Parameters: front: a,b, TF , cP(8), '(t)

rear: a , b , cp(6) , *(6)

-- Equations:

V interpolation from cp(8) table

(,i = o(i)

calculated somehow - suggest fit poly to 0p(6 i)

"curve and differentiate it

for steer axle: (assumed front)

"look up and interpolate * =*(t)
F

-- then
te 

I ta (a+b)tan 'F 1F
tan I -

a+b - - tan

A TF 1
I Iab ta

=2 tan [ TF
a+b+ _- tan*F

for non-steer axle: (assumed rear)

interpolate /I = i(8i) i=3,4

calculate:

CoSY, sinjon sin- psiniI .nI I o.
cspcos* and -cs cisin2

csin, osC1

63
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*1 Ground Contact Point Velocity Routine (Double A-arm)

Inputs: (u,v,w) (R, P),Q),

•.hi , coso hi Icosy hi I (xlYlZ') , 910i61

L Outputs: (Ul,Vl,Wi)

jParameters:

II Equations:
ui=u+Qz1 -Ryi

I Ia

SV = v+Rxr P(zI+hIcosYhi)cpIhicosyhI

.I =•'P(yl+hlcosohl))Qxl+ IhIcosohl+61

I = 1,2 or 3,4

Nt.B u1  is the forward velocity of the wheel center

vi,wi Is the lateral and vertical velocity of the contact patch "center"

For analog implementation, this routine can be combined with the

Wheel Position Routine.

21

I Preceding page blank
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Applied Suspension Force Routine (Double A-Arm)

Input: 61 1 M s

Output: S,1  i'

Parameters: front: CF , e p K RF ,T, b

• er R ' R 'R 'OR ' X ' R 9L b C R RR TR a

Equations:

front:

I. F1F = 0 I0-< eF
"" ~= CF sgn 6 il>

CF Ii CF

L F2 Fi = KF6 1 16ii< 1

"KF[ [IV sgn i+.F(6I- . sgn6l)] 18ii > OF

T SFIF 
TF

rear:

"F IR; = 0 I0,i-- GR
SC' sgn 8I I6>I> 6R

"* F~~~2RI : R si li .

_ = KR[rR sgn 81+XR(-iF. sgn S,)] 18i6 > CF

S i = M "CR6 I F1RI F2Ri -(. I) i RR (64 63)

z T R TR
SSx -1 S zi =0

I Preceding page blank
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it Applied Suspension Moments Routine (Double A-Arm)

Inputs: Fxui , Fyu, , F ,6 Sxi., S , Szl

Shi , (coszhl cosphi , cosy h y

Outputs: N'ut , NetC i , N~ui , Fzu3

Parameters: front: zF TF , a

rear: zR, T , -b

Equations:

Front:

1 TTF
N -F (zF+6+hcOSY )+(-I) - Si
cpui Yui F ii hi 2 1

All forces
4. Neui = Fxui(zF+'1+hncosyhi)+Szi a propagate vert.

) TF through springs
l F~ 2 hi yui (a+h lCOSahl)

Rear:

l "Fyui(ZR+& +hicoSYhi) +(-]) TR i
tui R I Szi

N(-= Fxu TR++h (-b)

(-I)=FFxu1 (-2" + hlcosohl)+Fyui(-b+hicOSchi)

This routine must set Fzui = 0 since all suspension forces propagate

only through the springs.

Preceding page blank
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